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Abstract
A method has been developed to match large three-

dimensional Coulomb crystals into existing accelerators.
Simulations show bunch temperatures below 1 Kelvin per-
sisting for thousands of turns in the BNL Booster and for tens
of thousands of turns in an idealised ring (both with no cool-
ing). Focussing forces balance space charge to give zero net
phase advance and the crystal structure can be preserved for
tens of milliseconds. Magnetic focussing confines all three
dimensions of the bunch without RF, since the bunch rotation
in the ring plane is not at the ring revolution frequency. A
zero temperature, uniformly-filled ellipsoid of charge gives
a 15-parameter model that can be used for matching and
linear stability analysis.

BOOSTER FIELD MODEL
The calculations that follow require a 3D Maxwellian

field model of the booster that is free from discontinuities
near the beam orbit. The basic superperiod lattice from [1]
was implemented, which contains identical bending dipoles
2.4 m long and F and D quadrupoles 0.50375 m long.

In a local coordinate frame where (0,0,0) is the centre of
the dipole arc, 𝑧 is the beam direction and 𝑦 is vertical, the
dipole field is given by calculating
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where 𝐿, 𝜃 are the dipole length and angle and 𝑓 =0.15 m
determines the fringe field length. The fringe field is shaped
like 1

2 + 1
2 tanh(𝑧/ 𝑓 ) and the formulae for 𝑡𝑟 ,𝑖± come from

the complex components of tanh(𝑧 + 𝑖𝑦). B1 is the field of
a unit strength dipole, in general it is scaled to B = 𝐵dipB1.

A quadrupole with soft ends does not have an analytic
formula, so the series expansion in [2] is used with a fringe
field function again shaped like 1

2 + 1
2 tanh(𝑧/ 𝑓 ). For the

quadrupoles, 𝑓 =0.05 m and the series is calculated up to and
including the 𝑟10 term.

Placing these field models and adding them together, with
appropriate transverse extent limits that the beam does not
encounter, gives the field illustrated in Fig. 1.

MATCHING METHOD
Repulsive space charge forces dominate the dynamics of

Coulomb crystals, while velocity spread and emittance are
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Figure 1: Booster field map with successive zooms (top,
bottom right), the small magnet is a quadrupole.

near zero. Thus, the bunch is modelled as a uniform ellipsoid
of charge with zero temperature, parametrised as shown in
Fig. 2. The ellipsoid is defined by its centroid s = ⟨(x, v)⟩,
covariance matrix 𝐶 = ⟨𝛿x𝛿x𝑇 ⟩ and velocity distribution 𝑉

where 𝛿v = 𝑉𝛿x. Space charge forces are linear within a
uniform charged ellipsoid [3–5], so this form is preserved
if external forces are also linear. The centroid s evolves as
a single particle while the 15 parameters (𝐶,𝑉) have time
derivatives calculated in [6]. This model does not capture
higher-order vibrational motion or phonons.

Figure 2: Parameters of the ellipsoid bunch model.

A matched solution for a ring would have (s, 𝐶,𝑉)in =

(s, 𝐶,𝑉)out over a single turn. In this paper (s, 𝐶,𝑉) are
integrated with 4th order Runge–Kutta steps and 𝛿𝑡 =

(8 mm)/𝑣bunch. The centroid dynamics are independent, so
the closed orbit with sin = sout can be found fairly standardly
using multi-variable Newton iteration, taking care to find
𝑡out that stops the particle exactly at the end of the turn.

A similar iteration with 15 variables can also solve
(𝐶,𝑉)in = (𝐶,𝑉)out and the first derivatives of the map-
ping are used to obtain an eigenvalue stability analysis [7].
There are, however, some computational and physics issues.

If numerical derivatives are used, step sizes in each vari-
able must be chosen carefully as 𝐶 and 𝑉 have different
units. A slightly enhanced Newton’s method [8,9] is used
here, which also evaluates the mean square error, so units
for the parameter and goal vectors are chosen to make 𝐶 and
𝑉 similar magnitude.

A second issue is that for some lattices, 𝑉 tends to infinity
after a few cells because one of the ellipsoid’s axes tries



to invert. Unintuitively, the model passes through infinite
charge density at this time. This can occur because although
shrinking a 3D charge distribution to a 0D point or 1D line
takes infinite energy, a 2D surface can be obtained with finite
energy. In reality, this would lead to semi-random pairwise
scattering between the ions in the crystal, so is not desired.
The solution is to reduce the focussing in the lattice until
the ellipsoid no longer inverts (changing the initial size for
a given charge may also help). This leads to surprisingly
low levels of focussing: in the case of the booster, even the
weak focussing from the sector dipoles was too much in the
horizontal plane and the D quadrupoles had to be powered
slightly while keeping the F quadrupoles turned off!

A third issue is that (𝐶,𝑉) contain an odd number of vari-
ables (15). A stable mapping is similar to a rotation and
rotations in an odd number of dimensions have an invariant
axis. This does not happen for the six-variable optimisation
to find s, since rotations in an even number of dimensions
must only leave a point invariant. The location on the invari-
ant axis is a free parameter, meaning the matched ellipsoid
solution for (𝐶,𝑉) is non-unique. In the case of the booster,
this parameter was observed to correspond to the angular
momentum of the bunch in the vertical axis and was set to
zero with an additional constraint 𝑉𝑥𝑧 = 𝑉𝑧𝑥 (it was not
clear a bunch could be easily spun during injection). Some-
what intuitively, the matched ellipsoids with high angular
momentum had a more oblate shape.

As well as rings, variations on this matching method could
match desired ellipsoid parameters at the start and ends of
transfer lines, if enough magnet parameters are optimisable.

Table 1: Ring Parameters and Magnet Settings

Ion species Ca+
Kinetic energy per mass 3.2332 MeV/u
Main dipole field 𝐵dip 0.75518 T
F quadrupole gradient 0 T/m
D quadrupole gradient 0.2255 T/m
Machine circumference 201.78 m
Revolution frequency 123.47 kHz
Zero current tunes 𝑄0𝑥,𝑦 1.0100, 1.0979 cycles

Table 2: Matched bunch ellipsoid parameters. Note that
𝐶𝑖𝑖 = 𝜎2

𝑖
and other omitted entries are zero.

Number of ions 𝑁 2560
Bunch size 𝜎𝑥,𝑦,𝑧 211.3, 52.9, 207.5 𝜇m
𝐶𝑥𝑧 -130 𝜇m2

𝑉𝑥𝑥 -115911 s−1

𝑉𝑦𝑦 118810 s−1

𝑉𝑧𝑧 36 s−1

𝑉𝑥𝑧 = 𝑉𝑧𝑥 -391197 s−1

The ring parameters used in this paper are given in Table 1
and the bunch shape at the start of the lattice, derived using
the above matching method, is given in Table 2. The number
of ions is chosen semi-arbitrarily to allow pairwise space
charge calculations but the dynamics scale with 𝜎 ∝ 𝑁1/3.

MULTIPARTICLE SIMULATION
Paul type ion traps have been built at several accelerator

labs [10–12] and the addition of laser Doppler cooling [13]
can produce Coulomb crystals with a solid structure and
temperatures in the milli-Kelvin range [14]. A simulation of
such a cooled trap, using the same code as [7], produced an
input distribution with temperature 5.8 mK and aspect ratio
as required by the matched ellipsoid. A linear transformation
was applied to give the matched 𝐶 and 𝑉 values.

Figure 3: Input bunch distribution (left) and bunch after
45 ms in the booster (right).

Implementing the booster field model on the GPU instead
of the Paul trap allowed the booster ring to be tracked. 𝛿𝑡 was
set the same as for the ellipsoid model. Figure 3 shows the
bunch before and after a 45 ms (about 5500 turns) simulation,
with only a small amount of emittance growth visible.

Figure 4: Temperature evolution during tracking.

Figure 4 shows how temperature changes during the sim-
ulation, with an average heating rate of 0.5291 K/s. The
temperature is defined by 𝑇𝑛 = 𝑚

3𝑘𝐵 ⟨|v − p𝑛 (x) |2⟩ where
p𝑛 (x) is the 𝑛th order polynomial least squares fit to v(x).



Thus, 𝑇1 subtracts both bunch average motion and linear lat-
tice motion before calculating the temperature, whereas 𝑇2
also removes a quadratic component, which makes a negligi-
ble difference here. There is an initial jump to around 12 mK
within the first turn, which may be due to the equilibrium
lattice structure being different between the Paul trap and
the booster, followed by a heating rate that increases with
temperature, which is expected when in the solid phase [15].

Figure 5: Temperature variation with quadrupole strength.

Figure 5 shows the result of varying the D quadrupole
strength on the temperatures𝑇1,2 in multiparticle simulations
at 𝑡=1 ms. Below ∼0.19 T/m, there are no matched solutions
of the model and above ∼0.27 T/m the solution has unstable
eigenvalues. The temperature rise shown is due to higher
order effects, likely crystal shear heating from the bunch
aspect ratio changing, with minimal heating occuring close
to where 𝜎𝑧/𝜎𝑥 ≃ 1 and exponential growth either side.

Figure 6: Covariance matrix evolution through one super-
period ( 1

6 turn) expressed in the local frame of the bunch.
Entries not plotted are approximately zero. Uniform ellip-
soid model predictions are shown with dashed lines.

The evolution of the bunch shape through one superperiod
of the booster is shown in Fig. 6. Here, the lattice structure
of eight cells with missing dipoles in the third and sixth
cells is visible. Bunch sizes 𝜎𝑥,𝑦,𝑧 only change slightly,

with the most noticeable dynamics in the shear 𝐶𝑥𝑧 , which
accumulates negatively in the drifts and reverses direction
in the dipoles to give an overall periodic function.

Figure 7: Velocity matrix evolution in one superperiod.

The nonzero 𝑉 matrix elements are plotted in Fig. 7. If 𝐶
is roughly analogous to the beta functions, 𝑉 corresponds to
alpha. The 𝑉𝑥𝑥 and 𝑉𝑦𝑦 transverse elements change rapidly
in opposite directions in quadrupoles, with dipole weak fo-
cussing also visible making 𝑉𝑥𝑥 decrease. The zero vertical
angular momentum condition 𝑉𝑥𝑧 = 𝑉𝑧𝑥 stops being true in
dipoles, since canonical rather than kinetic angular momen-
tum is conserved and they differ in a magnetic field.

The bunch rotates ∼0.495 times in the 𝑥–𝑧 plane on each
turn, in the same direction as the ring revolution.

CONCLUSION
A regime has been found where milli-Kelvin bunch

temperatures can persist in the BNL Booster ring. The
timescales approach that of a full machine acceleration cycle,
so future work will investigate acceleration. Stable parame-
ters for the ring have been found up to 117.1 MeV/u in the
model and await confirmation with particle tracking.

Figure 8: Solitons forming from a non-crystalline beam.

The persistence of the bunch without bunching RF is sur-
prising and likely relates to a Coriolis-like force from the
ring rotation, which turns repulsive space charge into a rota-
tional force. The form of the matched bunch, flattened verti-
cally with nearly circular shape in the horizontal-longitudinal
plane, is strongly reminiscent of the ‘vortex effect’ observed
in cyclotrons near the space charge limit [16]. As Coulomb
crystals are at the space charge limit themselves, this may
be the same phenomenon. To test this theory, a longer non-
crystalline bunch of temperature 10 K was placed in the
booster lattice with the same settings, resulting in Fig. 8.
The bunch breaks up into persistent circular bunches resem-
bling the last figure in [16].
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