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1 Matching to Drift Spaces

The transfer matrix of a drift space of length L is shown in the equation below:[
x
x′

]
(L) =

[
1 L
0 1

] [
x
x′

]
(0),

with y and y′ behaving similarly. Writing the phase space vector as s =

[
x
x′

]
, it can be seen

that under a linear mapping s 7→Ms, the matrix 〈ssT 〉, where the average is taken over a beam
of particles, transforms as 〈ssT 〉 7→ 〈MssTMT 〉 = M〈ssT 〉MT , assuming all particles have the
same transfer matrix M (this is true if, for example, there is no momentum spread).

The covariance matrix is related to the geometric emittance and optical parameters via

〈ssT 〉 = ε

[
−

−

]
ε =

√
det〈ssT 〉,

so the matrix containing , , has unit determinant, meaning − 2 = 1. Transporting this
matrix using the transformation law through the drift defined above gives

〈ssT 〉(L) = M〈ssT 〉(0)MT =

[
1 L
0 1

]
ε

[
−

−

] [
1 0
L 1

]

= ε

[
1 L
0 1

] [
− L −

− + L

]
= ε

[
− 2L + L2 − + L
− + L

]
.

Since M has determinant one in this case, the determinant of 〈ssT 〉 has not changed and the
new emittance is the same as the old. Eliminating the optical parameter gives the evolution
of the other two through the drift space:

=
1 + 2

⇒ (L) = − 2 L+
1 + 2

L2, (L) = − 1 + 2

L.

When matching to a drift space, it is often desirable to have reflection symmetry in z about
its centre, which means (0) = (L) and (0) = − (L). The change of sign is because is a
linear combination of xx′ terms and x′ changes sign when reflected in z (but x does not). The
requirements for symmetrical matching are therefore

= − 2 L+
1 + 2

L2 ⇒ 0 = −2 +
1 + 2

L,
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= − +
1 + 2

L.

Both of these are equivalent to

2 =
1 + 2

L ⇒ =
1 + 2

2
L.

Since is positive, this restricts solutions to > 0. The minimum value of (0) is achieved
when = 1 and = L. Above this, each value of is consistent with two different values of ,
one greater and one less than one.

The optical functions at the centre of the drift may also be of interest in this case, they are
given by

(L/2) = − L+
1 + 2

4
L2

=
1 + 2

2
L− L+

1 + 2

4
L2 2

(1 + 2)L

=
1 + 2

2
L− L+

L

2
=

(
1 + 2

2
−

2

)
L

=
L

2

and

(L/2) = − 1 + 2

2
L

= − 1 + 2

2

2

(1 + 2)L
L

= 0,

as would be expected by symmetry. The beam size at this point is
√
ε (L/2) =

√
εL/2 .

2 Motion in a Uniform Accelerating Field

Consider a particle of charge q in a constant longitudinal electric field Ez. The total energy of
the particle satsifies dE/dz = qEz and since relativistically E = γmc2,

dγ

dz
=
qEz
mc2

= γ′,

which is a constant. This means that for appropriate choice of z origin, γ = γ′z.

Assuming there is no other force on the particle, its transverse momentum components px
and py are constant and the paraxial approximation yields

x′ =
px
pz
' px

p
=

px
mβγc

= C1
1

βγ

for the constant C1 = px
mc . To calculate x, use the identity (βγ)2 = γ2 − 1 to express

x′ = C1
1√

γ2 − 1
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then note that ∫
1√

γ2 − 1
dγ = ln

(√
γ2 − 1 + γ

)
+ C

so substituting dγ = γ′dz ⇒ dz = dγ/γ′ gives

x =

∫
x′dz =

∫
C1

1√
γ2 − 1

dz = C1

∫
1√

γ2 − 1

dγ

γ′

=
C1

γ′
ln

(√
γ2 − 1 + γ

)
+ C0

=
C1

γ′
ln(βγ + γ) + C0.

Next, consider relating the phase space vector at z = z1 to that at z = z0. For x′,

x′(z1)

x′(z0)
=
βγ(z0)

βγ(z1)
⇒ x′(z1) =

βγ(z0)

βγ(z1)
x′(z0).

Implicitly, this sets C1 = x′(z0)βγ(z0), which allows some progress when eliminating C0 from x:

x(z1)− x(z0) =
C1

γ′
(ln(βγ + γ)(z1)− ln(βγ + γ)(z0))

⇒ x(z1) = x(z0) + x′(z0)
βγ(z0)

γ′
(ln(βγ + γ)(z1)− ln(βγ + γ)(z0)) .

This reveals that the transfer matrix is linear:[
x
x′

]
(z1) =

 1 βγ(z0)
γ′ (ln(βγ + γ)(z1)− ln(βγ + γ)(z0))

0 βγ(z0)
βγ(z1)

[ x
x′

]
(z0).

However, this transfer matrix has determinant βγ(z0)
βγ(z1)

, meaning ε(z1) = ε(z0)
βγ(z0)
βγ(z1)

. For
compactness, the entries in the right-hand column of the transfer matrix are written as A and
B when working out how the covariance matrix transforms:

〈ssT 〉(z1) =

[
1 A
0 B

]
〈ssT 〉(z0)

[
1 0
A B

]
= ε(z0)

[
1 A
0 B

] [
−

−

] [
1 0
A B

]

= ε(z0)

[
1 A
0 B

] [
−A −B

− +A B

]
= ε(z0)

[
− 2A +A2 −B +AB
−B +AB B2

]
.

If A = L and B = 1 this is the same matrix found in the section about drift spaces. Noting that
ε(z0) = ε(z1)/B, the optical parameters evolve as follows:

(z1) =
1

B
− 2A

B
+
A2

B
=

1

B

(
− 2A +A2 1 + 2

)
,

(z1) = −A = −A1 + 2

.
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3 Consistent Matching with Acceleration

Since the energy and emittance change from one end of the accelerating section to the other, it
is not desirable (or even possible) for it to have optics that are symmetrical under a reflection in
z. Instead, consider a family of matching conditions (E), (E) for each energy at the entrance
to the section. If the acceleration is used multiple times, as in an ERL, the same beam that left
the section at energy E will return to it at the same energy. If the transfer line or ring that
accomplished this is itself symmetrical in z (or optically equivalent), then the beam that entered
the accelerating section with (E) and (E) must have left it with (E) and − (E). That is,
if the section has energy gain ∆E, it maps

(E), (E) 7→ (E + ∆E),− (E + ∆E),

a condition that will be referred to here as consistent matching. In the model where the accel-
erating section is just a constant Ez field, this means

(E + ∆E) =
1

B

(
(E)− 2A (E) +A2 1 + (E)2

(E)

)
,

(E + ∆E) = − (E) +A
1 + (E)2

(E)
,

where

A =
βγ(E)

γ′
(ln(βγ + γ)(E + ∆E)− ln(βγ + γ)(E)) ,

B =
βγ(E)

βγ(E + ∆E)
.

3.1 High Energy Limit

As energy tends to infinity, A tends to L and B tends to one, recovering the matching situation
for a drift space. Although the equations permit various oscillating solutions with energy, it
seems more natural that the limits , (∞) = limE→∞ , (E) exist and obey the drift entrance
matching condition:

(∞) =
1 + (∞)2

2 (∞)
L.

The only free parameter is thus (∞).

3.2 Simplification by Substitution

Examining the first recurrence relation with definitions of A and B expanded reveals some
scaling structure:

(E + ∆E) =
βγ(E + ∆E)

βγ(E)

(
(E)− 2

βγ(E)

γ′
∆ln (E) +

(
βγ(E)

γ′
∆ln

)2 1 + (E)2

(E)

)
,

where for compactness ∆ln = ln(βγ+γ)(E+∆E)− ln(βγ+γ)(E). Notice that each appearance
of is divided by βγ overall, a feature that becomes even clearer if both sides are divided by
βγ(E + ∆E). It therefore makes sense to define a ‘normalised’ beta function

n(E) =
(E)

βγ(E)
,
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though note that this scaling is opposite to that used in the conventional definition of normalised
emittance. In terms of n, the recurrence relations become

n(E + ∆E) = n(E)− 2
∆ln

γ′
(E) +

(
∆ln

γ′

)2 1 + (E)2

n(E)
,

(E + ∆E) = − (E) +
∆ln

γ′
1 + (E)2

n(E)
.

It is possible to simplify slightly further by defining another modified , which is dimensionless:

m(E) = γ′ n(E) =
γ′ (E)

βγ(E)
,

so that

m(E + ∆E) = m(E)− 2∆ln (E) + ∆2
ln

1 + (E)2

m(E)
,

(E + ∆E) = − (E) + ∆ln
1 + (E)2

m(E)
.
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