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1 Maxwell’s Equations for an RF Field

Start with Maxwell’s equations

∇ ·E = ρ/ϵ0

∇×E = −∂B

∂t
∇ ·B = 0

∇×B = µ0

(
J+ ϵ0

∂E

∂t

)
,

set the sources ρ,J to zero and look for a periodic solution with E = E0 cosωt, B = B0 sinωt
where E0,B0 do not depend on time. This gives

∇ ·E0 = 0

∇×E0 cosωt = −∂B

∂t
= −ωB0 cosωt ⇒ ∇×E0 = −ωB0

∇ ·B0 = 0

∇×B0 sinωt = µ0ϵ0
∂E

∂t
=

1

c2
(−ωE0 sinωt) ⇒ ∇×B0 = − ω

c2
E0.

Taking the curl of the second equation, notice that

∇× (∇×E0) = −ω∇×B0 =
ω2

c2
E0.

It turns out that finding an E0 that solves this equation is sufficient to satisfy all four, because
B0 can be defined as − 1

ω∇ × E0 and then both E0,B0 are expressed as the curl of another
vector field, making their divergences zero, satisfying the other two equations.

2 Case with No Angular Dependency

The aim is to build a solution for E0 out of a sum of simpler functions. Defining r =
√
x2 + y2,

consider a longitudinal (z directed) vector field a with rk scaling in the radial direction:

az = rkf(z), ax = ay = 0.
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The curl of this has two nonzero components:

(∇× a)x = ∂yaz = krk−1 ∂r

∂y
f(z) = krk−2yf(z),

(∇× a)y = −∂xaz = −krk−1 ∂r

∂x
f(z) = −krk−2xf(z).

Now consider a similar term b that points azimuthally around the axis:

bx = rk−1yf(z), by = −rk−1xf(z), bz = 0.

Its curl components are:

(∇× b)x = −∂zby = rk−1xf ′(z),

(∇× b)y = ∂zbx = rk−1yf ′(z),

(∇× b)z = ∂xby − ∂ybx

= −rk−1f(z)− (k − 1)rk−3x2f(z)− rk−1f(z)− (k − 1)rk−3y2f(z)

= −2rk−1f(z)− (k − 1)rk−1f(z)

= −(k + 1)rk−1f(z).

Finally, define a radial term c:

cx = rk−1xf(z), cy = rk−1yf(z), cz = 0,

that has curl components

(∇× c)x = −∂zcy = −rk−1yf ′(z),

(∇× c)y = ∂zcx = rk−1xf ′(z),

(∇× c)z = ∂xcy − ∂ycx

= (k − 1)rk−3xyf(z)− (k − 1)rk−3xyf(z)

= 0.

As a shorthand, subscripts will indicate substitutions of k or f in these terms, omitting any that
are unchanged. In this notation,

∇× a = kbk−1,

∇× b = −(k + 1)ak−1 + cf ′ ,

∇× c = −bf ′ .

Now the double curls may be evaluated:

∇× (∇× a) = k
(
−kak−2 + ck−1,f ′

)
= −k2ak−2 + kck−1,f ′ ,

∇× (∇× b) = −(k + 1) ((k − 1)bk−2) +
(
−bf ′′

)
= −(k2 − 1)bk−2 − bf ′′ ,

∇× (∇× c) = −
(
−(k + 1)ak−1,f ′ + cf ′′

)
= (k + 1)ak−1,f ′ − cf ′′ .

Analogously with the magnetic field solutions in [1], seek a solution of the form

E0 =

∞∑
k=0

ak,fk + bk,gk + ck,hk
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for some functions fk, gk, hk. The double curl is

∇× (∇×E0) =
∞∑
k=0

−k2ak−2,fk + kck−1,f ′
k

− (k2 − 1)bk−2,gk − bg′′k

+ (k + 1)ak−1,h′
k
− ch′′

k
.

Equating this to ω2

c2
E0 and only taking the order k terms gives

ω2

c2
(afk + bgk + chk

) = −(k + 2)2afk+2
+ (k + 1)cf ′

k+1

− ((k + 2)2 − 1)bgk+2
− bg′′k

+ (k + 2)ah′
k+1

− ch′′
k
.

Equating the longitudinal, azimuthal and radial vector coefficients gives

ω2

c2
fk = −(k + 2)2fk+2 + (k + 2)h′k+1,

ω2

c2
gk = −((k + 2)2 − 1)gk+2 − g′′k ,

ω2

c2
hk = (k + 1)f ′

k+1 − h′′k.

At this point, the first two equations can be rearranged to give fk+2 and gk+2 in terms of lower-
numbered functions, as required to calculate them all via a recurrence. However, the highest
function in the third equation is f ′

k+1 and not h. Fortunately, some careful cancellation can get
rid of both the f ′

k+1 and h′′k terms.

Taking the first equation for the k − 1 case and taking the z derivative gives

ω2

c2
f ′
k−1 = −(k + 1)2f ′

k+1 + (k + 1)h′′k.

Multiplying the third equation by −(k + 1) gives

−(k + 1)
ω2

c2
hk = −(k + 1)2f ′

k+1 + (k + 1)h′′k.

The right hand sides are now identical, implying that

f ′
k−1 = −(k + 1)hk,

which allows h to be eliminated entirely. In particular,

f ′′
k = −(k + 2)h′k+1,

which allows writing the first two equations as:

ω2

c2
fk = −(k + 2)2fk+2 − f ′′

k ,

ω2

c2
gk = −((k + 2)2 − 1)gk+2 − g′′k .
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Now everything can be written as simple recurrence formulae

fk+2 =
−1

(k + 2)2

(
ω2

c2
fk + f ′′

k

)
,

gk+2 =
−1

(k + 2)2 − 1

(
ω2

c2
gk + g′′k

)
,

hk+1 =
−1

k + 2
f ′
k.

To avoid discontinuities, the lowest allowed nonzero functions are f0 for the on-axis electric field
and g1 and h1.

2.1 3D Field from On-Axis Electric Field

In the case where just the on-axis electric field f0(z) = f(z) is specified, azimuthal components
gk can be set to zero as their recurrence relation is independent of the rest. fk and hk are all
linear combinations of derivatives of f . Specifically, for all k, f2k+1 = 0, h2k = 0 and

f2k =

 k∏
j=1

−1

(2j)2

(
ω2

c2
+

∂2

∂z2

)k

f

=
(−1)k

4k(k!)2

k∑
j=0

(
k

j

)(
ω2

c2

)k−j

f (2j),

h2k+1 =
−1

2k + 2
f ′
2k

=
(−1)k+1

22k+1k!(k + 1)!

k∑
j=0

(
k

j

)(
ω2

c2

)k−j

f (2j+1).

The field shape explicitly is:

E0 =
∞∑
k=0

ak,fk + ck,hk

=

∞∑
k=0

[rk−1xhk(z), r
k−1yhk(z), r

kfk(z)].

The magnetic component is:

B0 = − 1

ω
∇×E0

= − 1

ω

∞∑
k=0

∇× ak,fk +∇× ck,hk

= − 1

ω

∞∑
k=0

kbk−1,fk − bk,h′
k

= − 1

ω

∞∑
k=0

(k + 1)bk,fk+1
− bk,h′

k

= − 1

ω

∞∑
k=0

((k + 1)fk+1(z)− h′k(z))[r
k−1y,−rk−1x, 0].
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The last expression can be simplified slightly using the recurrence relations for f and h:

(k + 1)fk+1 =
−1

k + 1

(
ω2

c2
fk−1 + f ′′

k−1

)
h′k =

−1

k + 1
f ′′
k−1

⇒ (k + 1)fk+1 − h′k =
−1

k + 1

ω2

c2
fk−1.

Thus,

B0 =
ω

c2

∞∑
k=0

fk−1(z)

k + 1
[rk−1y,−rk−1x, 0].

The full time-dependent field can be recovered with E = E0 cosωt and B = B0 sinωt.

3 Case with Angular Dependency

Defining cylindrical coordinates with x = r cos θ and y = r sin θ, consider a longitudinal (z
directed) vector field a with n-fold rotational symmetry in θ and rk scaling in the radial direction:

az = einθrkf(z), ar = aθ = 0.

Here, the field components are complex so the cosine or sine part can be extracted by taking
the real or imaginary component respectively. These components still satisfy all the differential
equations. The curl in cylindrical polar coordinates (r, θ, z) has two nonzero components:

(∇× a)r = 1
r∂θaz = ineinθrk−1f(z),

(∇× a)θ = −∂raz = −einθkrk−1f(z).

It is sufficient to consider two other single-component terms b and c where

bθ = einθrkf(z), br = bz = 0,

cr = einθrkf(z), cθ = cz = 0.

The curl of b has nonzero components

(∇× b)r = −∂zbθ = −einθrkf ′(z),

(∇× b)z = 1
r∂r(rbθ) = einθ(k + 1)rk−1f(z).

The curl of c has nonzero components

(∇× c)θ = ∂zcr = einθrkf ′(z),

(∇× c)z = −1
r∂θcr = −ineinθrk−1f(z).

As a shorthand, subscripts will indicate substitutions of k or f in these fields, omitting any that
are unchanged. In this notation,

∇× a = inck−1 − kbk−1,

∇× b = −cf ′ + (k + 1)ak−1,

∇× c = bf ′ − inak−1.
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Now the double curls may be evaluated:

∇× (∇× a) = in(bk−1,f ′ − inak−2)− k(−ck−1,f ′ + kak−2)

= (n2 − k2)ak−2 + inbk−1,f ′ + kck−1,f ′ ,

∇× (∇× b) = −(bf ′′ − inak−1,f ′) + (k + 1)(inck−2 − (k − 1)bk−2)

= inak−1,f ′ − bf ′′ − (k2 − 1)bk−2 + in(k + 1)ck−2,

∇× (∇× c) = (−cf ′′ + (k + 1)ak−1,f ′)− in(inck−2 − (k − 1)bk−2)

= (k + 1)ak−1,f ′ + in(k − 1)bk−2 − cf ′′ + n2ck−2.

Seek a solution of the form

E0 =
∞∑
k=0

ak,fk + bk,gk + ck,hk

for some functions fk, gk, hk. The double curl is

∇× (∇×E0) =

∞∑
k=0

(n2 − k2)ak−2,fk + inbk−1,f ′
k
+ kck−1,f ′

k

+ inak−1,g′k
− bg′′k

− (k2 − 1)bk−2,gk + in(k + 1)ck−2,gk

+ (k + 1)ak−1,h′
k
+ in(k − 1)bk−2,hk

− ch′′
k
+ n2ck−2,hk

.

Equating this to ω2

c2
E0 and only taking the rk terms gives

ω2

c2
(afk + bgk + chk

) = (n2 − (k + 2)2)afk+2
+ inbf ′

k+1
+ (k + 1)cf ′

k+1

+ inag′k+1
− bg′′k

− ((k + 2)2 − 1)bgk+2
+ in(k + 3)cgk+2

+ (k + 2)ah′
k+1

+ in(k + 1)bhk+2
− ch′′

k
+ n2chk+2

.

Equating the longitudinal, azimuthal and radial vector coefficients gives

ω2

c2
fk = (n2 − (k + 2)2)fk+2 + ing′k+1 + (k + 2)h′k+1,

ω2

c2
gk = inf ′

k+1 − g′′k − ((k + 2)2 − 1)gk+2 + in(k + 1)hk+2,

ω2

c2
hk = (k + 1)f ′

k+1 + in(k + 3)gk+2 − h′′k + n2hk+2.

The highest function in the first equation is fk+2, which is good for setting up a recurrence.
However, this time the g and h equations have a combination of gk+2 and hk+2 in each of them
and the two combinations are linearly dependent (note (k + 2)2 − 1 = (k + 1)(k + 3)), so there
is not enough information to solve for gk+2 and hk+2 separately. On the other hand, the linear
dependence allows one equation to be obtained where these terms are removed entirely.

To simplify manipulation, define the mixtures

mk = ingk + (k + 1)hk and pk = (k + 1)gk − inhk,

where p is ‘perpendicular’ to m in g–h space. Now the three equations can be written

ω2

c2
fk = (n2 − (k + 2)2)fk+2 +m′

k+1,

ω2

c2
gk = inf ′

k+1 − g′′k − (k + 1)pk+2,

ω2

c2
hk = (k + 1)f ′

k+1 − h′′k + inpk+2.
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Further mixing the second and third equations yields

ω2

c2
mk = ((k + 1)2 − n2)f ′

k+1 −m′′
k,

ω2

c2
pk = −p′′k + (n2 − (k + 1)2)pk+2.

The p equation is now completely decoupled. Taking the z derivative of the f equation for the
k − 1 case (a trick also used in the no angular dependency case) gives

ω2

c2
f ′
k−1 = (n2 − (k + 1)2)f ′

k+1 +m′′
k,

which equals −1 times the m equation, so

mk = −f ′
k−1 ⇒ m′

k+1 = −f ′′
k .

This allows the f equation to be decoupled:

ω2

c2
fk = (n2 − (k + 2)2)fk+2 − f ′′

k .

A similar decoupling is possible for the m equation but then the relation mk = −f ′
k−1 would be

lost. Now everything can be written as simple recurrence formulae

fk+2 =
1

n2 − (k + 2)2

(
ω2

c2
fk + f ′′

k

)
,

pk+2 =
1

n2 − (k + 1)2

(
ω2

c2
pk + p′′k

)
,

mk+1 = −f ′
k.

g and h may be recovered with

gk =
inmk + (k + 1)pk
(k + 1)2 − n2

and hk =
(k + 1)mk − inpk
(k + 1)2 − n2

.

To keep the polynomial nature of the functions near the axis, k ≥ n in rkeinθ, so the lowest
allowed nonzero functions are fn for the on-axis electric field and gn+1 and hn+1.

4 Other Approaches

It is also possible to express∇×(∇×E0) = ∇(∇·E0)−∇2E0 where∇2E0 is the vector Laplacian
that must be chosen appropriately for the coordinate system being used. This has a simpler
form than the double curl, so assuming that ∇ · E0 = 0 by one of Maxwell’s equations, it gets
to the second-order recurrence relations more quickly. The expression ∇2E0 = −ω2

c2
E0 is known

as the Helmholtz equation. The downside of this approach is that the first-order recurrence
relation is not recovered, because it comes from the assumption that ∇ · E0 = 0, so it must be
added manually by substituting the series for E0 into that equation.
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5 Implementation Notes

It is possible to set ω = 0 in the above formulae to get an entirely electrostatic solution.

These formulae work well when the repeated derivatives of the on-axis function(s) such as
f (n) are easy to calculate. One example is when the entrance and exit ramps of a field area
are constructed from tanh(z/l) for some fringe field length l. As d

dz tanh z = 1 − tanh2 z, the
nth derivative is an (n+ 1)th order polynomial in tanh z. For a field of length L, the exit ramp
looks like tanh((L − z)/l), which has similar repeated derivatives except the odd order ones
have changed sign. This corresponds to changing the sign of the h terms in the no angular
dependency case.

Once an array of repeated derivatives [f, f ′, f ′′ · · · f (N)] has been calculated, the core opera-

tion is applying the operator ω2

c2
+ ∂2

∂z2
to it repeatedly. This is easy, since scalar multiplication

works as usual and differentiation shifts the array to the left. Additionally, the second entry
remains the derivative of the first, which is useful since both f2k and f ′

2k are required after each
application of the second-order operator.
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